PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: December 22, 2006
ACCEPTED: February 22, 2007
PUBLISHED: March 6, 2007

T-duality and generalized complex geometry

Jonas Persson

Department of Theoretical Physics, Uppsala University
Box 803, SE-751 08 Uppsala, Sweden
E-mail: Ponas .Persson@teorfys.uu.sd

ABSTRACT: We find the explicit T-duality transformation in the phase space formulation
of the N = (1,1) sigma model. We also show that the T-duality transformation is a
symplectomorphism and it is an element of O(d, d). Further, we find the explicit T-duality
transformation of a generalized complex structure in this model. We also show that the
extended supersymmetry of the sigma model is preserved under the T-duality.

KEYWORDS: PBigma Models, String Duality, Extended Supersymmetry, Differential and
[Aleebraic Geometryl.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep032007025 /jhep032007025 . pdf


mailto:Jonas.Persson@teorfys.uu.se
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

=

Introduction

=

[V

The N = (1,1) supersymmetric sigma model

1]

==

Phase space formulation of the sigma model
T-duality of the N = (1,1) supersymmetric sigma model

T-duality transformation in phase space

@ @ E @
O & &

Matrix formulation of the T-duality transformation

=

Integrability of a T-dual generalized complex structure

@

T-duality and extended supersymmetry

=

Examples of T-dual spaces
P.] The T-dual of a complex manifold
P.3d The T-dual of a symplectic manifold

EEE B E

0. Summary and discussion

1. Introduction

T-duality is an equivalence between physical observables in string theory on a space-time
geometry and observables in string theory on a, possibly different, dual space-time geome-
try. This equivalence holds to all orders in string perturbation theory. The exact relations
between the dual space-times, for the case where they are non-flat, are the so called Buscher
rules, derived in [fll, f]. Classical T-duality of a sigma model can be described as a gauging,
and subsequent gaugefixing, of an isometry of the target space [B], ], or as a canonical
transformation of the corresponding phase space formulation [J—-[i. T-duality has been
studied extensively over the years, for details see the reviews [J—[I0] and references therein.
For an introduction to dualities see e.g. [[LT].

In this paper we focus on the interpretation of T-duality as a canonical transformation
and study the simplest case, where the target space has one abelian isometry. One question
we want to answer is whether it is possible to find the T-duality transformation in the phase
space formulation of the N = (1,1) supersymmetric sigma model. This question was also
addressed in [[[J], the manifest transformation given therein is only valid on shell, hiding
the transformation of the conjugate momenta. Here we study the phase space formulation



of the N = (1,1) supersymmetric sigma model [[[3]. We find the T-duality transformation,
valid off-shell, for the NV = 1 phase space superfields and give it explicitly. We also find
that it is a symplectomorphism.

It is known since [[4] that supersymmetry and target space geometry has a deep re-
lation. The concept of Generalized Complex Geometry was introduced in [ and later
developed in [I]. T-duality in Generalized Complex Geometry has previously been ad-
dressed in [[7, [§. The connection between Generalized Complex Geometry and super-
symmetric sigma models has been extensively studied [[9-PJ]. For reviews see [4, BJ.
For example, in the phase space formulation [[J] of the N = (1,1) sigma model, extending
the supersymmetry to N = (2,2) requires the target space to be generalized Kéhler [R6]
and to N = (4,4) requires the target space to be generalized Hyperkihler 27, Rg.

Whether or not the extended supersymmetry survives the T-duality transformation can
be studied using Generalized Complex Geometry. In this paper we study the N = (1,1)
sigma model and its extended supersymmetry. We assume that the target space has an
isometry, the direction in which we T-dualize. We find the explicit T-duality transformation
of a generalized complex structure and find that its T-dual also is a generalized complex
structure, implying that the extended supersymmetry survives the transformation. Hence,
we explore the results of [[[7] in a sigma model framework. To have extended supersymmetry
the model has to have a generalized Kahler or generalized Hyperkahler target space, and
thus it should be emphasized that we in this paper study the T-dual of generalized Kéahler
and of generalized Hyperkahler geometry.

The paper is organized as follows. In section 2 we briefly review two dimensional
superspace and introduce the N = (1,1) supersymmetric sigma model. In section 3 we
describe how to find the phase space formulation of this model. In section 4 we study the
gauging procedure that give the T-dual model. In section 5 the T-duality transformation
for the phase space formulation is derived. We also show that it is a symplectomorphism. In
section 6 we formulate the T-duality transformation in terms of matrices acting on sections
of TM & T*M, we also find the transformation of a generalized complex structure in this
model. Section 7 is devoted to proving the integrability of the T-dual generalized complex
structure. In section 8 we comment on different amount of extended supersymmetry. In
section 9 we give two explicit examples of T-dual spaces and in section 10 a summary and
open questions.

2. The N = (1,1) supersymmetric sigma model

In this section we state the relevant properties of two dimensional superspace and formulate

'~

the N = (1, 1) sigma model on this space. For more details see [Pf].
In two-dimensional superspace we denote the two spinor coordinates by 6%, the spinor
derivatives by D4 and the supersymmetry generators by Q. They obey the relations

D2 =i(@y£0y), {DyD_}=0, Qi=iDy+20%(0=+0,). (2.1)
The supersymmetry transformation of a superfield ® is given by

SO = —i(etQy + e Q)P (2.2)



We now formulate the manifest N = (1, 1) sigma model in two-dimensional superspace
and review the results of [R9]. The action is given by

1 — 14
S=3 / d*¢dftdd™ D" D_®'E,, (D), (2.3)

where E,,(®) = g, (P) + b (®). This action is invariant under the additional supersym-
metry transformation

SO+ = et J*

- JH
(+)VD+(I)I/ +e€ J_

I, D" (2.4)

if J4) are two complex structures that satisfy in)gj(i) =g and V&

Jy = 0, where
V&) is the covariant derivatives with the torsionful connections I'®) = I'0) + ¢—1H.
The Levi-Civit4 connection is denoted by I'® and H is the 3-form field strength of b,

+ are two independent parameters

H = db. This geometry is called bi-Hermitean. Since €
the transformation (R.4) define one additional left going and one additional right going
supersymmetry. Thus, the sigma model has N = (2,2) supersymmetry if the target space

is bi-Hermitean [Rg].

3. Phase space formulation of the sigma model

Since we eventually want to find the T-duality transformation in the phase space formu-
lation of the above sigma model (R.J), we now review this phase space formulation. We
follow the lines presented in [24].

To find the appropriate phase space formulation we introduce the new odd coordinates
and spinor derivatives as

6 =I5 (07 —io7), 0t =5 (07 +i67),
Do = 5 (Dy +iD-), Di=—5(Dy—iD-). (3.1)

The derivatives satisfy the algebra D2 = idy, D? =iy, {Dg, D1} = 2id.
We want to perform the 6° integration in the action (P.3)) and for this we introduce
the N = 1 superfields

H = ‘I)M|«90:Oa Su = Q;WDO(I)V|€0=O- (3-2)

We also define D = D1|go_g, § = 6!, 0 = ! and 0 = 9.
Changing the action (R.J) to the new coordinates and performing the integration over
0°, by use of [d6°(-) = Do(-)|go—0, gives the phase space action

S = /dao ({/dada i(S, — bWDgza”)aogbﬂ} - H) , (3.3)

where we identify the Hamiltonian as
1
H=3 / dodd <D2¢ﬂD¢”gW +S,DS,g" + S, D¢’ S, g T

1
+ D@ DG’ S, H,,P — gS,“s*yspjtfw). (3.4)



Here, I’((T?D) is the Levi-Civita connection and H,,,, is the 3-form field strength of b,,, defined
by Hywp = (b;w p+ bupu + bppw)-

The ﬁrst term in (B.3) is the Liouville form © that defines the symplectic structure
w = §0, which in turn gives the Poisson bracket as [2q]

Fo 5G Fo 6G _F9o 5G
F = — 2 H,,,D .
{F.G} z/dad@((ssu 5o 5o 5Su+ 55, Hwwe o 55) (3.5)

The functional derivatives are defined by

-
Fé Fé 0 F o0 F
—JoM | = e
OF = /dad9<55 0S5, + 5¢“5¢> /d0d9 (55'“55 + ¢ 5(;5“) (3.6)

The Hamiltonian (B.4) is invariant under the manifest supersymmetry transforma-

tion [R6]
Nt = —ieQot, 015, = —ieQS,, (3.7)
and under the non-manifest supersymmetry transformation
S10H = gt S, 018y = i€gu 00" + €S3S-g™T7 . (3.8)

Further, the two generators
i 1 v v
o (e) = -3 / dodd e (2D¢MSVJ(i)M + DD Liiyu + SuSy ()) (3.9)

with ¢ = 1,2, generate transformations as 5§i)¢“ = {oH, Qg)(e)} and 59 S, =1{Su Qgi)(e)},
where the bracket is given by (B.5). For the Hamiltonian to have extended supersymmetry,

i.e. that the transformations generated by le)

or QéQ) are supersymmetry transformations,
the target space must be a generalized complex manifold [I] and the tensors Jiy, Py and

L(i) must define H-twisted generalized complex structures! J; and 7, as

—Jay P —J2) D)
T = ; T2 = . (3.10)
< Lay T Ly Ji)
The condition that the bracket between Q;l) and Q;2) should give rise to the Hamilto-

nian (B.4), i.e. {le)(el), QgQ)(EQ)} = 2ie1ea’H, requires that
0g!
-T2 = g0 |~ G and [J1,72] =0, (3.11)

where G is a positive definite generalized metric on TM @ T'M*. Further, the Jacobi iden-
tity for the bracket (@) imply that the Hamiltonian is invariant under the transformations
generated by le) and Qg). The conditions (B.11]) imply that the target space is a gen-
eralized Kihler manifold, which is the main result of [26]. In [lf] it is shown that the
bi-Hermitean geometry [RJ] is equivalent to generalized Kéhler geometry [[L6].

!For the definition of a H-twisted generalized complex structure see section ﬂ or , @]



4. T-duality of the N = (1, 1) supersymmetric sigma model

Next, we review the method of performing the T-duality transformation as a gauging, and
subsequent gaugefixing, of an isometry in the manifest N = (1,1) sigma model, following
the lines of [B(].

Consider the theory on a manifold with one compact direction, being a circle S!, such
that there is an isometry described by the Killing vector k along the compact direction.
We thus have £;g = 0. Further we assume that £,b = 0. This implies that the action (P.3)
is invariant under the isometry transformation

0i(a)®* = akt (D), (4.1)

which is the transformation we now want to gauge.

If M = B x S* we can go to adapted coordinates, such that k* = (1,0,...,0). We
then expand the action (R.3) by letting = (0,m) and v = (0,n), where m,n =1,...,D —
1. Next we gauge the isometry by introducing the gauge fields A4+ and add a Lagrange
multiplier ®° to ensure that A is pure gauge. The action becomes the so called parent

action and is given by

S = % /d20d6+d0_{ (D+@° + A4) (D-2°+ A-) g0o

+ (D42 + AL) D_®™Ey,
+ D1 @™ (D_®° + A_) Enng
DL OMD_O"E,,, — 3 (D, A_ + D_A,) } (4.2)

This action is, as a consequence of (R.1), invariant under the local gauge transformation
0% =€, §AL = —D-e.
By variation of ®° and A4 we find the equations of motion

0 :D+A7 —|— D7A+, (43)
0=D; 9%+ (D4 + Ay ) goo + D+ 9™ Epng,
0=—D_3%+ (D_3° + A_) goo + D_®™ Egyp,.

Equation ({.3) imply that Ay = Dy A, for some scalar superfield A. Hence we find, as
claimed, that Ay is pure gauge.

Integrating out ®°, using its equations of motion, give us back the original action if we
note that A only gives a shift of the origin of the periodic coordinate ®°, or equivalently if
we fix the gauge A = 0.

If we integrate out A, instead, fix the gauge A = —®° and identify the Lagrange
multiplier ®° as the new coordinate we obtain the T-dual action

- 1 - - -
S=3 / d?¢d0td6™ D" D_dVE,,. (4.6)



where ®# = (00, &™) and EH,, = Guv + buy. The T-dual metric and b-field are given by the
usual Buscher rules [P, [i]

1 ~ - bOm ~ o gomgon — bOmbOn
gOO—_a gom = ——, Imn = Gmn —
goo goo goo
bon, — b
bom _ _go_m’ bmn _ bmn _ gomOon OmgOn. (47)
900 900

5. T-duality transformation in phase space

The easiest way to find the T-duality transformation in the phase space formulation is to
perform the reduction to N = 1 superfields of the equations of motion, (£.4) and ([L.j).
The original coordinate in the isometry direction, ®°, was obtained by choosing the
gauge A = 0. This implies that we must use this gauge to find a relation between ®° and
the T-dual coordinate ®°. Using this gauge and performing the transition (B.1) to the new
odd coordinates and spinor derivatives turn the equations of motion ([£4) and ([.5) into

Do®° = bgy, De®™ — go,, D1, (5.1)
D19° = by, D1®™ — go,, Do ®*. (5.2)
We now reduce these equations to N = 1 fields. First, observe that the T-dual N = 1 field
Su must be defined with the T-dual metric, i.e. Su = QWDO@”]%:O. Secondly, note that

d™ = ™ i.e the components of ® along the space B does not change under T-duality.
Forming Sy = §o, Do®” |go_¢ and Sy, = Gimw Do®”|go_o, and using (B.1) and B.J) give

So = — D¢ — Lo pgm (5.3)
goo
S = S — LS04 bop DA° + bon L D™ (5.4)
goo goo
Reducing (5.9) to N = 1 fields immediately produces the relation
D¢® = —Sy + bo D™, (5.5)

These relations define a bundle morphism between X*II(TM @ T*M) and X*II(TM @
T*M ), where II denotes the bundle with reversed parity on the fibers and X* and X* are
pull backs by the bosonic component of ¢ and (5 respectively. Thus we have found the
T-duality transformation as

D@’ = —Sg + by D™

D™ = D"
SO _ —D¢O s;%rg Dgm™ (5'6)
Q — 90n 0 90m m

where we have introduced spinor derivatives on the fields ¢™. Inverting the transformation,

we find the inverse T-duality transformation as

0_ m m
D™ = =S - i}?)o ng
D¢" = D"

Sy = —D@° + by D™

S, = S'n + bOnSO g(m D¢O + don D(bm

goo

(5.7)



Next, we transform the Hamiltonian (B.4) into the T-dual Hamiltonian. Using the
transformation (b.7) in (B.4) a lengthy but straightforward calculation gives

. 1 ~ ~ o ~ & ~uv & IpQ ~VoT
H= / dodé <D2¢“D¢V9uu +8,DS,§" + §,D¢* S, 5" T H)¥

+ DFDE S,y — 58,8,5,177), (5.8)

W =

where the components of the T-dual metric and b-field are given by (.7) and the compo-
nents of the T-dual inverse metric are given by

3" = goo + 9" bombon, " = g""boy, gt =g"". (5.9)

This is the correct T-dual Hamiltonian which also can be obtained from the T-dual manifest
N = (1,1) action ([£§) by going to the T-dual phase space formulation via a similar
calculation to the one presented in section fJ. Thus the diagram

S(g,H) — S(3,H)
l o (5.10)
H(g, H) — H(g, H)

commutes.

To show that the transformation (p.6) is a symplectomorphism, note that it transforms
the integrand of (B.3) as

/dade {§(8u = b D) 090" = 1} —
/ dodd {z (Sﬂ - BWD&) Aot — 7%} + 9 <z / dodd ¢§0D¢0> (5.11)

meaning that the T-duality transformation preserves the form of the Hamiltonian equations
of motion but changes the symplectic structure and hence the Poisson bracket to their T-
duals. Thus we find that the transformation behaves as expected and is a generalization
of a canonical transformation, a symplectomorphism.

When H is exact we can formulate the transformation (5.6) as a canonical transfor-
mation by putting the H-field into the momenta instead of in the Poisson bracket. The
generating function for the transformation can be found by noting that the phase space
action (B.d) defines the canonically conjugated momenta to ¢* as

Py =i (S, — buDe") . (5.12)

In this picture the independent phase space coordinates are (¢*, P,), which obey the stan-
dard Poisson bracket relations, but now with the untwisted Poisson bracket, obtained
form (B.H) by setting H = 0. If we next define the T-dual canonical momenta as

Py =i (S~ buD3") (5.13)



the T-duality transformation (f.6) may be written as
Py=—iD¢’, D¢’=iPy, ¢"=¢", P,=P,. (5.14)

The generating function for this transformation is of the form F = F(¢V, (50, ", ]5") and
found to be

F= / dodd <iq§0D¢0 n ¢”15n) . (5.15)
The equations that generate the transformation are given by
SF SF SF o F
Pp=—, Py=——r, P,=—, ¢N"=— 5.16
0= 550 0 530 "= on ¢ 5D, (5.16)

with the functional derivatives being defined analogously as the ones defined in (B.4).
Now we turn to the question of the isometry. Reducing the isometry transforma-
tion (1)) to N =1 fields and using £g = 0 gives the transformation

di(a)p! = akt,  6i(a)S, = —ak” .S, (5.17)

where k* = k*(¢). Since the Hamiltonian (B.4) is obtained by the same reduction procedure
it is invariant under this reduced isometry transformation. Requiring that a supersymmetry
transformation generated by a charge like the ones in (@)2 to commute with this isometry
transformation we find that the H-twisted generalized complex structure J, defining the
transformation, must obey LiJ = 0. This is an essential property of the H-twisted
generalized complex structure that we shall need to prove the integrability of its T-dual in
section [].

In the above construction of the T-duality transformation we have used adapted local
coordinates such that the isometry direction is the ¢° direction. We now want to formulate
the transformation in a covariant way. For this, note that the target space M = Bx S'is a
principal bundle on which we introduce a connection A. Further we introduce a connection
A and a Killing vector k on the T-dual target bundle M. We require these connections to
obey iz A = 1 and i];fl = 1. In the adapted coordinates these conditions imply Ag = Ay = 1.

Using the Buscher rules ([.7) we find the T-dual of the H-field as

~ 1
o= 1 (0 (22) -0, (22)) 619
goo goo

o 7 g0 F gob £ 9o
Habc = Habc - bOaHObc - _aHObc - bObHOca - iI{Oca - bOcHOab - _CHOab (519)
goo goo goo

where we, in the second relation, have used Hyy as a convenient abbreviation. We find

that if the connections and 3-form field h are given by
A=dg® + gﬂdw, A =d@® — boudd®, (5.20)
00

2
hoay = 0, hape = Hape — QEQO[aHO\bc] (521)

2This supersymmetry transformation is given explicitly in ]



or, written in a coordinate independent way

1 ~ 1
—— g, A=——i;g, h=H-—ANi.H, (5.22)
1klkg Z];ngg

A:

we can write H = dAAN A+ h and H = dA A A+ h. The 3-form field h satisfies ixh = 0.
Further, note that in adapted coordinates the fields H and H are independent of the
isometry direction, hence they satisfy L H = 0 and L'I;JI:I = 0. With these definitions the
T-duality transformation (5.6) can be written in a covariant way

A, Dot = —k"S,
k1S, = —A,Dot
(88 + kPkPby, ) D@ — kHkPS, = (6 + k*kPb,,) Dg” — kFEPS,
(0 — kv A,)S, = (6% — KV A,) S,

(5.23)

6. Matrix formulation of the T-duality transformation

In this section we formulate the T-duality transformation in a matrix form. This enables
us to find the T-dual generalized almost complex structure in this model. We give its
components explicitly.

We begin by defining a section A of the pullback X*II(T'M & T*M) and A a section
of the T-dual space X*IL(T'M & T*M) as

D¢0 D&O
D™ - D™
A= A= g 6.1
P 5, (6.1)
S, S

Since the T-duality transformation (f.6) and its inverse (p.]) naturally act on A and
A we define the bundle morphism T : TM & T*M — TM & T*M and its inverse
TV TM&®T*M — TM & T*M as

0 by -1 0 0 —%OT’S -1 0
0 on 0 0 or
T= s , -] mo 00 (6.2)
—1 %m0 0 -1 bom 0 0
bongom _ gon _ gon gonbom
bon goo goo n goo  goo bon 677?

With these definitions the transformations (5.f) and (57) are written as A = TA and

A =T~ 'A. Note that performing another T-duality transformation of the T-dual space is

the same as taking the inverse of the original T-duality transformation, i.e T = T~!, where

we use the Buscher rules (f.7) to find T. Hence TT = 1ogxa4, as expected by T-duality.
The natural pairings Z on TM @ T*M and on TM & T*M are both given by

o= o o
sf oo o
oo o M
o osto

—

>

&

S~—



and we find that Z = T'ZT. This means that T € O(d,d) and hence leaves the inner
product (A, B) = A'ZB invariant.

Next we write the H-twisted generalized complex structure J : TM & T*"M —
TM & T*M and the T-dual map J : TM & T*M — TM & T*M as

-J —-Jo o pom —JQ -Jo o pPom
_Jn —jn pn0 pnm 5 _jn _jn PnO an

j — 0 m 0 m s j = 0 Lom 20 “m . (64)
Lo Lom JO JM Lpo Lum JY T

A generator of the extended supersymmetry (B.9) defined by the H-twisted generalized
complex structure J can be written in this language as [[L3]

1
Qs(0) =~ / dodf (A, TA). (6.5)
For the T-dual space to have extended supersymmetry the map 7 in the generator
- 1 L
Qo(e) = — 3 /dad@ (A, TA). (6.6)

must be an H-twisted generalized complex structure. We now relate the generators Qs
and Qs by noting that

(A, JA) = (TA, JTA) = N'T*TJTA = N'IT1TTA = (A, T~ JTTA). (6.7)

Hence, for Qs to be the T-dual of the generator Qs we need that J = T-1JT or equiv-
alently J = TJT~!. This implies that J2 = —1 and J'Z = —Z.7, meaning that J is a
generalized almost complex structure. To show that the T-dual space has the same amount
of extended supersymmetry as the original space we need to show that 7 is integrable with
respect to the H-twisted Courant bracket, defined by (1)), which is the subject of the next
section.
The components of the T-dual generalized almost complex structure J = TJT !

identified as

JO = g0 Jom gm g pom _ Iomp pmn (6.8)
goo goo
Ja =pa 4 pamJom (6.9)
goo
J L0a+b0aJ0 +bgg— 0 —_bOmJO —|—b0nJ —|—b0ab0mP ™ +bog ——bon P (6.10)
goo goo goo
Jo=gb — 02 gb o o PO 4 g, Lom pmb (6.11)
goo goo
Log =J0 — 202 70 4 900 yn_ 900 J0m jm (6.12)
goo goo goo goo
7 gon 1 gO[abO\b} 0 gO[abO\b} gon n
Loy =Lap— 2010 J0 — 272 bg10 I — 2—— g1 Loty — JY—2 = 6.13
ab ab 0[a/b] 900 0[a/p] 900 9olaL-0|b] % 0 doo 900 0 ( )
PO = — J& 4 by, P (6.14)
peb —pab, (6.15)

,10,



In these relations we use the convention Ay, = (Agp — Apg)- Note that the above rela-

1
2
tions hold also for the untwisted case, i.e. when H = 0.

7. Integrability of a T-dual generalized complex structure

In the previous section we found an explicit expression for how an H-twisted generalized
complex structure transforms under T-duality. We also found that the T-dual object, 7,
is a generalized almost complex structure and in this section we turn to the question of
integrability.

We begin by defining what we mean by integrability. Let X + & and Y 4+ n be smooth
sections of TM @ T*M. In agreement with [[3, Bf], we define the H-twisted Courant
bracket by

(X +&Y +nlo=[X.Y]+ Lxn— Ly& — 2d(ixn — ivE) (7.2)

where [-,-]¢ is the Courant bracket and [-,-] is the standard Lie bracket on T'M. For a
generalized almost complex structure J to be integrable with respect to the H-twisted
Courant bracket we require that its +i¢ eigenbundle is involutive under the H-twisted
Courant bracket. An H-twisted generalized complex structure is a generalized almost
complex structure that is integrable with respect to the H-twisted Courant bracket.

By consistency, the T-dual J has to be integrable. This follows because, since the
algebra of the generators of the extended supersymmetry does not change under the sym-
plectomorphism the T-dual generators Qgi), of the form (f.6), are also supersymmetry
generators. Hence, the corresponding J(’s have to be H-twisted generalized complex
structures and thus, integrable with respect to the H-twisted Courant bracket. However,
for clarity, we provide a proof of this statement and find that the T-dual of a H-twisted
generalized complex structure is indeed a H-twisted generalized complex structure.

We follow a slightly modified path of that given in [[7] to find a proof of integrability
applicable to our setting. We shall call a general tensor F' invariant if it satisfies LpF = 0.
The derivation is based on the formulation of T-duality in the papers [B1, BJ). In this
setting it is required that the fields H, H and J are invariant, which are the properties we
found in the previous sections.

The T-duality transformation of an invariant form p on M is given in terms of the

connections A and A in (5.20). It is given by [BT, BJ]
_ 1 ANA
ﬂm—2méf ’ (7.3)

where the integration is around the T-duality circle S'. Note that fsl A = 2m. Note
also that any invariant form p may be written as p = pg + Ap; and that the T-duality
transformation of this invariant form is 7(pg + Ap1) = p1 + Apo.

Next define the differential dy = d + HA on M and dy = d + HA on M. Tt then
follows that

r(d_p) = ~d_g(p) (7.4)

— 11 —



for any invariant form p. In deriving this equality we use the relations H = dANA+h
and H = dA A A + h that we found in section f.

Next, we must define the T-duality transformation of sections of X*II(TM & T*M).
Let V' be an invariant section of TM & T*M, we may then write V = Z + fa% + &+ gA,
where Z is a horizontal section with respect to the connection A and £ does not have any
component in the A-direction. The T-dual of V is now given by the map

@<Z+fa%+§+gA>:Z—g%+§—ffl. (7.5)

Here, the transformed Z is a horizontal section of TM with respect to the connection A.
We transform the section D¢ + S of X*II(TM & T*M),

o (Do +8) = <<D¢ - A<D¢>a%) + DY)+ (sa - e o) a6 + SOA) (7.6)

—(pe—_ irpsy 2) _g. 9 _ 90a jo i

—(zw A(D%A) soaﬁ(sa - 0>d¢ A(Dg)A &
I R I

=Dg' o=+ D% + 5,d6" + S (7.8)

This, together with (5.2(), enables the identifications of the transformed component fields.
We find the T-duality transformation (f.6) and hence the map ([7-H) is indeed the correct
transformation. In section | we found that that the T-duality transformation preserves the
natural pairing and thus ¢ € O(d, d).

The product of a section V. = (Y +1n) of TM @& T*M and a form p is defined as
V- p = (iy + n\)p. It follows that for invariant sections and forms the following relation
holds

T(V-p)=—p(V)-7(p). (7.9)
Moreover we need to know how the H-twisted Courant bracket transforms under T-
duality. It is possible to write this bracket in terms of the differential dyy as [I7]

Vi,Valmg - p :%Vl Vo-d_gp+ %d—H(Vl Vo p)

+Vi-d-g(Va-p)—=Va-d_g(Vi-p). (7.10)
Using (7.4), (7.9) and ([.1() we find that
p(V1, Valm) = [p(V1), o(V2)l - (7.11)

Now let L C TM &T*M be the +i-eigenspace of a H-twisted generalized complex structure
J then ([.11) tells us that for any A, B € p(L) the bracket [A, B] 5 € ¢(L), meaning that
©(L) is closed under the H-twisted Courant bracket. Further, ¢(L) is maximally isotropic
since ¢ € O(d,d). This implies that ¢(L) is the +i-eigenspace of a H-twisted generalized
complex structure J = (7).

Since we know from section [] how a H-twisted generalized complex structure trans-
forms under T-duality we have that j =o(J)=TT T 1is integrable with respect to the
H-twisted Courant bracket. We thus conclude that, given a H-twisted generalized complex
structure J on TM @& T*M such that £, 7 = 0, its T-dual j is a H-twisted generalized
complex structure on TM @ T*M.
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8. T-duality and extended supersymmetry

Above we have found that the T-dual of a H-twisted generalized complex structure is
a H-twisted generalized complex structure. We now relate this result to the amount of
extended supersymmetry.

Since the generator Qs in (B.F) of extended supersymmetry demands that the map
J is a H-twisted generalized complex structure and the T-dual J is integrable with re-
spect to the H-twisted Courant bracket, if the extended supersymmetry commutes with
the isometry transformation (5.17) we conclude that the T-dual generator Q,, defined by
J through (6.6), is a generator of extended supersymmetry in the T-dual model. Hence
the amount of extended supersymmetry is preserved under T-duality if the extended su-
persymmetry commutes with the isometry transformation (f.17).

For concreteness, we have seen that the N = (1,1) sigma model (R.3) requires two
generators le) and ng) to have extended N = (2,2) supersymmetry and that this in
turn requires the target space to be generalized Kéhler [2g]. If one of the extended super-
symmetries commutes with the isometry transformation (5.17), as a consequence of (B.11])
the other does as well. Then, the T-dual of this model has the two T-dual generators of
extended supersymmetry Q;l) and Q;2). For these T-dual generators to obey the correct
supersymmetry algebra the target space is again required to be generalized Kéhler.

Further, the sigma model with N = (4,4) supersymmetry is required to have a gen-
eralized Hyperkihler manifold as target space [R7, ). Since we have shown that when
the isometry transformation (p.17) commutes with all the extended supersymmetries they
survive dualization, the T-dual of this model also has N = (4, 4) supersymmetry and hence
its target space also has to be generalized Hyperkéahler.

9. Examples of T-dual spaces

From the transformation of a H-twisted generalized complex structure 7, (6.§)-(p.19), it

is easy to find explicit examples of T-dual manifolds.

9.1 The T-dual of a complex manifold

A complex manifold is described by a generalized complex structure as [[L6]

-J 0
= 9.1
where J is the complex structure. We consider this space to have a compact direction
51, in which we perform the T-duality. Further we need £;J = 0, where the k specifies
the direction of the S*. By use of (5.8)~(F.15) the T-dual H-twisted generalized complex
structure is, in adapted coordinates, found to be

J g0 o po

0 —J¢ P® 0
0 Ly JY 0
Ly Loy JO TP

J = (9.2)
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where the components are

JO = — go — Jom ym (9.3)
goo
O =boa T + boa 22 g — L T b T (9-4)
900 goo
Jb =gb — Joa 5o (9.5)
goo
= 9oa -0 9on tn _ 90a Gom m
Log =J0 — 224 g0 4 20 g 2@ m 7 9.6
% 000" 9007 goo goo ° (56)
. b b
Loy = — 2o g Q%Jbo[ajﬁ _ o90la%0lt] yo _ 90l [t} Jon g (9.7)
goo goo goo goo
PO = _ Jo. (9.8)

Note in particular that the T-duality transformation take the complex manifold into a
manifold that is no longer complex but generalized complex.

9.2 The T-dual of a symplectic manifold

The generalized complex structure of a symplectic manifold is given by [[[{]

7= <2 —081> (9.9)

where w is the symplectic structure. As in the previous case we consider the symplectic
manifold to have a compact direction S', specified by k, such that £;w = 0. Performing the
T-duality transformation in the S direction and using (.8)-(6.19) the T-dual H-twisted
generalized complex structure is, in adapted coordinates, given by
_Jo o o B
—Jg —Jg P pab

7 = -~ 9.10
J o o Jy g (9.10)
0 Ty JO JP
where the components are
T8 =bom (w1 4+ L (071 (9.11)
goo
Jg =@ 4+ 22 tyme (9.12)
goo
J9 =woa + boabom (w™1)™ + bOGbOM%(wl)mn (9.13)
J® =boa(w™ 1) + g (w1)m Iom (9.14)
goo

- 1

Loy =wap + 2_90[awb]0 (915)
goo

PO = — gy (w )™ (9.16)
PY® = — (whyab, (9.17)

Similarly as for the complex case the T-dual is no longer symplectic but generalized com-
plex.
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10. Summary and discussion

We have presented the explicit T-duality transformation of the superfields in the phase
space formulation of the manifestly N = (1,1) sigma model. Further we have given the ex-
plicit T-duality transformation of a H-twisted generalized complex structure in this model.
We have also found that when the extended supersymmetry commutes with the isome-
try transformation (5.17) the T-dual generalized almost complex structure is a H-twisted
generalized complex structure, which implies that T-duality transformation preserves the
amount of supersymmetry. The T-dual of the N = (2,2) supersymmetric sigma model
has N = (2,2) supersymmetry and the target space of the T-dual theory is generalized
Kaéhler, the T-dual of the N = (4,4) model has N = (4,4) supersymmetry and requires a
generalized Hyperkéahler target space. We have also given two explicit examples of T-dual
spaces.

To prove integrability of the T-dual generalized almost complex structure we have
assumed that the extended supersymmetry commutes with the isometry transformation.
This realizes the the extended supersymmetry of the T-dual sigma model in the same way
as in the original model and no non-localization of the supersymmetry occurs, c.f. [[2. It
would be interesting to examine in which way the extended supersymmetry in the T-dual
model is realized, if realized at all, when L7 # 0, i.e. when the extended supersymmetry
does not commute with the isometry transformation (p.17).

It would further be interesting to examine if the covariant form of the T-duality trans-
formation (p.23) is still a symplectomorphism transforming the Poisson bracket and the
Hamiltonian to their T-duals. If this is the case it would mean that the above results are
valid even for non-trivial circle bundles

M — St

!
B

that is, even when an adapted coordinate system does not exist. Further, it would be

interesting to generalize the results to more general torus principal bundles.
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